An optical buffer having a large delay-bandwidth-product -a critical component for future all-optical communications networks -remains elusive. Central to its realization is a controllable inline optical delay line, previously accomplished via engineered dispersion in optical materials or photonic structures constrained by a low delay-bandwidth product. Here we show that space-time wave packets whose group velocity in free space is continuously tunable provide a versatile platform for constructing inline optical delay lines. By spatio-temporal spectral-phase-modulation, wave packets in the same or in different spectral windows that initially overlap in space and time subsequently separate by multiple pulse widths upon free propagation by virtue of their different group velocities. Delay-bandwidth products of ∼100 for pulses of width ∼1 ps are observed, with no fundamental limit on the system bandwidth.
velocities tunable from 30c to −4c [58] , group delays of ∼150 ps [59] , propagation distances extending to 70 m [60, 61] , among other unique properties [62] [63] [64] [65] . These attributes indicate the potential utility of ST wave packets in constructing an optical buffer.
Here we report a proof-of-principle realization of a readily controllable, inline, free-space optical delay line -the centerpiece of an optical buffer -utilizing the tunable group velocity of ST wave packets. By assigning to optical pulses different group velocities (whether subluminal, superluminal, or negative), the resulting wave packets separate from each other upon free propagation by multiple pulse widths. We observe a differential group delay of ∼160 ps between two wave packets of widths as small as ∼1.3 ps, corresponding to a DBP of ∼100, which is ∼2 orders-of-magnitude larger than previous demonstrations [19] . We realize several desiderata for an all-optical buffer, such as introducing a controllable delay between two pulses (or more) in the same or different spectral channels, while occupying the same or different spatial modes.
There is no need here for the widths of the spectral channels to be equal nor do they need to be mutually coherent. It is critical to note that tuning the group velocity is not associated with changes in the pulse amplitude. Furthermore, subluminal and superluminal wave packets are treated on the same footing, in contrast to the typically distinct approaches of slow-light and fast-light, which highlights the versatility of our strategy. Crucially, the group delay introduced between the wave packets in free space is independent of the external degrees of freedom of the field (such as wavelength). Moreover, due to the absence of limitations stemming from resonant effects, there are in principle no bandwidth constraints. Although the spectral resolution of the system imposes a limit on the maximal differential group delay [59] , there are no limits on the pulse width that can be exploited. Consequently, future increases in transmission rates can be accommodated without changing the system architecture.
RESULTS

Concept of a free-space optical delay line based on ST wave packets
Our overall conceptual scheme is illustrated in Fig. 1a . Optical pulses that overlap in time and travel in free space at a group velocity v=c are transformed into ST wave packets having different group velocities v 1 and v 2 via spatio-temporal spectral phase modulations implemented independently in each spectral channel. By virtue of their different group velocities, the wave packets gradually separate in time by a group delay that depends on the difference between their group velocities and the propagation distance.
The impact of the phase modulation can be appreciated by examining the spectral space
where k x and k z are the transverse and axial components of the wave vector, and ω is the angular frequency, which satisfy the free-space dispersion relationship k 2
x +k 2 z =( ω c ) 2 that is represented geometrically as the light-cone. We assume the field is uniform along the other transverse coordinate y (k y =0), and refer to k x and ω as the spatial and temporal frequencies, respectively. The spatio-temporal spectra of the initial plane-wave pulses lie along the tangent to the light-cone at k x =0. The spectral phase modulation is designed to rotate the tangential plane by a spectral tilt angle θ with respect to the k z -axis. The result is a propagation-invariant wave packet traveling at a group velocity of v=ctanθ, where v is the velocity of the central peak of the wave packet. Although v can take on arbitrary values, this does not entail a violation of relativistic causality [59, [66] [67] [68] , as we explain further below. We delineate three regimes [69] 
In the subluminal regime, the spatio-temporal spectral locus of the wave packet is an ellipse, and is a hyperbola in the superluminal and negative-v regimes (Fig. 1a , insets); see Methods.
Previous experiments [34, 70, 71] , including our group's [42, 58, 59, 64] , have all been limited to synthesizing single ST wave packets of a given group velocity. Here we synthesize up to three ST wave packets inline simultaneously -each wave packet having a different group velocityby implementing a segmented phase modulation scheme that addresses each spectral channel separately ( Fig. 1a , inset). Therefore, the initially overlapping wave packets travel rigidly in free space at their respective group velocities without diffraction or dispersion, thereby separating from each other (Methods). A large number of wave packets can be addressed in this fashion using large-area phase plates for spectral-phase modulation [72] , and the widths of the spectral channels need not be equal nor the spectra have mutual coherence [73, 74] .
The propagation dynamics of ST wave packets having different group velocities is depicted in Fig. 1b ,c. The wave packets overlap in time at z=0, but no longer overlap at later times: the superluminal wave packet has moved the farthest ahead in space (beyond the distance traveled by a luminal pulse); the subluminal wave packet lags behind; while a negative-v wave packet is located at a negative-z position (Fig. 1b ). In our experiments, rather than detecting the ST wave packets at different z for fixed delay, we instead scan the arrival time τ at a fixed detector position ( Fig. 1c ). By moving the detector to a positive-z location, the superluminal wave packet arrives earlier than a luminal pulse while the subluminal wave packet arrives later. The negative-v wave packet arrives earlier at z>0 than at z=0, thereby indicating its backward motion -as confirmed unambiguously in our measurements.
Experimental arrangement
Our experiments (setup shown in Fig. 1d ) are carried out using plane-wave femtosecond pulses at a wavelength of ∼800 nm from a Ti:sapphire laser (Tsunami, Spectra Physics). Spatiotemporal spectral modulation is performed with a diffraction grating (Newport 10HG1200-800-1) and a spatial light modulator (SLM; Hamamatsu X10468-02) [42, 57, 58, 64] . A bandwidth of ∼1.5 nm is spread over the width of the SLM active area, which is subdivided into three spectral channels (Ch1, Ch2, and Ch3) each of width ∼0.5 nm, each channel therefore corresponding to pulses of width ∼4 ps. The measured spectra of the three channels are plotted in Fig. 2a . In contrast to the one-dimensional (1D) phase distributions exploited in traditional ultrafast pulse modulation [75, 76] , here a two-dimensional (2D) phase distribution jointly manipulates the spatial and temporal spectra. Within each spectral channel the 2D phase distribution produces a ST wave packet having a spectral tilt angle of θ, as shown in Fig. 2b . We assign Ch1 the spectral tilt angle θ 1 =30 • , corresponding to the subluminal group velocity v 1 =0.58c; Ch2 is superluminal with θ 2 =70 • and v 2 =2.75c; whereas Ch3 is negative-v with θ 3 =120 • and v=−1.73c. Any other values could be implemented in these channels by simply adjusting the phase distribution, and any channel can be deactivated by setting the SLM phase distribution to zero. A spatial filter in the path of the wave packets eliminates any deactivated channel.
The spatio-temporal spectral intensity of the ST wave packet is recorded in (k x ,λ) space by implementing a spatial Fourier transform on the spectrally resolved pulses [42] . We plot in Fig. 2c the spatio-temporal spectra of the three channels captured simultaneously. The curvature of each spectrum is determined by the associated spectral tilt angle θ [71] . From this spectral measurement we obtain the spectral projection onto the (k z , ω c ) space; see Fig. 2d . The slopes of the linear spectral projections onto the (k z , ω c ) space provide independent confirmation of the group velocities ( v= ∂ω ∂k z ). Finally, by recording the time-averaged intensity distribution of the ST wave packet upon propagation I(x,z)= dt|E(x,z,t)| 2 with a CCD camera (The ImagingSource, DMK 33UX178), we confirm the diffraction-free propagation as shown in Fig. 2e for Ch2 (Ch1 and Ch3 are deactivated). We define L max to be the distance at which I(0,L max )= 1 e I(0,0).
To characterize the spatio-temporal intensity profile of ST wave packets and measure their group velocity, we place the spatio-temporal synthesis arrangement in one arm of a Mach-Zehnder interferometer [58, 64] and place a temporal delay in the other arm in the path of a reference pulse (100-fs pulses from the Ti:sapphire laser); see Fig. 1d . Such a measurement configuration corresponds to the conceptual scheme depicted in Fig. 1c . This technique yields only the intensity of the wave packet profile and not its phase, which requires more sophisticated spatio-temporal characterization tools [55, 77, 78] . Nevertheless, our approach suffices for estimating the arrival times and thence the group velocities [58, 64] .
As seen in Fig. 2c (and also in Fig. 2d ), the ideal correlation function between k x and ω is relaxed, mainly due to the finite spectral resolution of the diffraction gratings used. Ideal ST wave packets propagate indefinitely at an arbitrary group velocity but require infinite energy, whereas realistic finite-energy ST wave packets maintain such group velocities over a bounded distance.
Finite-energy ST wave packets are characterized by a spectral uncertainty δω (δλ in wavelength), which corresponds to an unavoidable fuzziness in the association between spatial and temporal frequencies.
In our experiments, we estimate a spectral uncertainty δλ∼25 pm [59] . Within this conception, a finite-energy ST wave packet can be decomposed into a product of an ideal ST wave packet traveling indefinitely at v (with a pulse width at the beam center proportional to the inverse of the bandwidth ∆ω) and a broad 'pilot envelope' propagating at a group velocity of c (and whose width in time is the inverse of the spectral uncertainty δω). Temporal walk-off between the ideal ST wave packet and the pilot envelope limits the propagation distance L max of the ST wave packet and hence also constrains the maximum differential group delay τ max achieved with respect to a reference pulse traveling at c. It can be shown that τ max ∼ 1 δω and L max ∼ cτ max |1−cotθ| [59] . Therefore, two ST wave packets having the same spectral uncertainty will travel different distances L max according to their respective spectral tilt angles. The pilot envelope traveling at c ensures that no violation of relativistic causality occurs even for ST wave packets propagating at superluminal or negative v. In such cases, when the wave packets reach the edge of the pilot envelope, they are suppressed and their spatio-temporal profile deformed [59] . This is associated with the drop in on-axis intensity values as shown in Fig. 2e. Figure 1b ,c illustrate the propagation dynamics of three ST wave packets along the pilot envelope.
Measurement results
We start by discussing the results of monitoring the propagation of a pair of ST wave packets of different group velocities (subluminal Ch1 and superluminal Ch2) in free space using our interferometric approach, which are plotted in Fig. 3 . The spatio-temporal intensity profile is traced by scanning a 200-ps delay line in the reference arm of the Mach-Zehnder interferometer ( Fig. 1d ) with the detector placed at different locations along z. The delay τ in the path of the reference pulse is adjusted first so that the reference overlaps with the two ST wave packets when the detector is placed at z=0. At this point, the two ST wave packets overlap in space and time.
Note the X-shaped spatio-temporal profile that is characteristic of most ST wave packets [34] .
After moving the detector to z=10 mm, the wave packets are found to arrive at different times, which is verified by scanning the reference delay τ. The superluminal pulse (on the left) arrives early and the subluminal pulse (on the right) arrives late with respect to a pulse traveling at c whose position is indicated by a white circle in Fig. 3a . The delay between the two pulse centers
Therefore we expect that ∆τ=45.6 ps when the detector is placed at z=10 mm and ∆τ=182 ps when z=40 mm; the corresponding measured values are ∆τ≈44 ps and ∆τ≈162 ps, respectively. We note that the group delays far exceed the temporal width ∆τ of either wave packet at the center x=0, which corresponds to an effective delay-bandwidth product DBP 1. The dynamics of the pulse centers are plotted in Fig. 3b showing clearly the difference in their group velocities with respect to c. This is the first observation of two co-propagating optical wave packets separating from each other in free space without the influence of an optical material or photonic structure. Note that the spectral uncertainties for both ST wave packets are equal because their values are set by the grating size.
We next examine the dynamics of a different configuration where Ch1 and Ch3 are activated while Ch2 is deactivated, corresponding to subluminal and negative-v wave packets. As seen in Fig. 4a , the subluminal wave packet propagates in the forward direction while the negative-v wave packet travels backwards and arrives at the detector plane z>0 at τ<0. Finally, we activate Ch1, Ch2, and Ch3 simultaneously and observe their evolution, which is plotted in Fig. 4b . The dynamics of the wave packet centers as plotted in the insets of Fig. 4a and Fig. 4b confirm that the targeted group velocities have been realized. Once again, the spectral uncertainty is the same for all three channels.
After investigating the dynamics of ST wave packets sharing the same spatial mode but different spectral channels, we move on to the case of ST wave packets in the same spectral channel. First, two ST wave packets sharing Ch1 are assigned different group velocities ( v 1 and v 2 ) by interleaving the spectral phase patterns corresponding to the targeted spectral tilt angles (θ 1 and θ 2 ); see Fig. 4c , inset. The measured spatio-temporal spectrum in (k x ,λ) space reveals two overlapping spectra corresponding to subluminal and superluminal wave packets (compare to the displaced spectra for Ch1 and Ch2 in Fig. 2c ). With free propagation, the two wave packets separate as in the cases of wave packets in different spectral channels ( Fig. 3 and Fig. 4a,b) . Furthermore, the wave packets can be located in different spatial channels (along the transverse x-coordinate) by structuring the SLM spectral phase distribution along the direction that encodes the spatial frequencies k x . An example is shown in Fig. 4d where two ST wave packets are synthesized with group velocities v 1 and v 2 but with SLM phase distributions that are displaced vertically (rather than interleaved as in Fig. 4c ), resulting in two wave packets that are in turn displaced along the transverse x-axis by ∼1.4 mm.
A unique aspect of our strategy -in comparison with slow-light and fast-light approaches -is the absence of fundamental bandwidth constraints. Because we do not exploit an optical resonance, the bandwidth is in principle limited only by the experimental resources available.
Increasing the utilized bandwidth (reducing the pulse width) does not affect the maximum differential group delay that is determined primarily by the spectral uncertainty [59] . To verify this, we confirm that the same group delay is obtained for a ST wave packet of fixed v as the pulse width is reduced from ∼4 ps to ∼1 ps, corresponding to an increase in the DBP by a factor of ∼4. Here the phase distribution imparted to Ch1 is extended across all three spectral channels to a ∼1.5-nm bandwidth.
The measurement results are shown in Fig. 5 . First, we synthesize three ST wave packets of on-axis temporal widths of T 1 ≈4 ps, T 2 ≈2.2 ps, and T 3 ≈1.3 ps, corresponding to bandwidths of 0.5 nm (Ch1), 1 nm (Ch1+Ch2), and 1.5 nm (Ch1+Ch2+Ch3), respectively. The insets in Fig. 5 show the spatio-temporal profiles of the three wave packets, all having the same group velocity v=0.58c (θ=30 • ). Next we trace the on-axis intensity for two positions of the detectors: an initial position of z=0 and then at z=20 mm. The group delay experienced by the three ST wave packets ∼115 ps is independent of the pulse width, resulting in a linear increase in DBP with the bandwidth (inversely with the pulse width). Here, the values of the DBP are ≈29, 52, and 89 respectively. Finally, we examine the limit on miniaturizing the physical length of the delay line. By increasing the deviation of the group velocity v=ctanθ from c (i.e., the deviation of θ from 45 • ), a large differential group delay can be realized over a short propagation distance. We plot in Fig. 6 the measured propagation distance L max and the associated differential group delay for subluminal pulses with respect to a luminal pulse. The measurements made use of ST wave packets with spectral tilt angles in the range 10 • <θ<30 • , corresponding to group velocities in the range 0.017c< v<0.58c. Note that the differential group delay remains fixed at ∼85 ps independently of θ, v, and the pulse width T, and is instead determined by the spectral uncertainty [59] . At the lower limit of θ=10 • , the differential group delay is achieved over a distance of only 5 mm. This demonstrates the possibility of constructing compact optical delay lines with large DBP.
DISCUSSION
We have shown here that ST wave packets can provide a verstaile platform for large controllable inline differential group delays in free space by assigning different group velocities through spatiotemporal spectral-phase modulation. In this regard, ST wave packets offer the advantage of symmetrizing the treatment of the subluminal and superluminal regimes, which are equally useful in an optical buffer, in contrast to the divergence between the physical realizations of slow-light and fast-light (with the latter usually being significantly more challenging). The ST wave packets undergo minimal spreading in space and time, and hence minimal attenuation, while undergoing in one example a differential group delay of ∼160 ps between a pair of ST wave packets over a distance of 40 mm. To put this value in perspective, we note that spatial structuring in Refs. [23, 24] resulted in differential group delays of ∼10's of femtosecond over a distance of 1 m, so that our result presents an improvement of ∼6 orders-of-magnitude; whereas in Refs. [54] [55] [56] , X-waves revealed differential group delays of ∼100's of femtoseconds over ∼10 cm, so that our result corresponds to a boost of ∼4 orders-of-magnitude.
Such an optical delay line is a critical component of an optical buffer. Several crucial steps remain before achieving this goal, including extending this experimental realization to the telecommunications band at ∼1.5 µm, making use of data streams to test the possibility of alleviating data packet contention at a switch, in addition to evaluating the required resources for our system (especially in terms of overall physical footprint) in comparison to alternative approaches. Fur-thermore, extending the transverse confinement of ST wave packets to both transverse directions (an optical needle) rather than the single dimension (light sheet) demonstrated here will enable their coupling to waveguides and other photonic devices.
The unique characteristics of ST wave packets demonstrated here pave the way to such exotic possibilities as colliding co-propagating or even counter-propagating optical pulses produced by the same source. Such scenarios could be useful in a variety of applications, including laser machining, laser fusion, and electron acceleration [79] . Finally, we note that another promising approach for the spatio-temporal synthesis of optical wave packets of controllable group velocity has also been recently proposed and investigated [80] .
METHODS
Theory for ST wave packets
The spatio-temporal spectrum of a ST wave packet occupies a reduced-dimensionality spectral subspace with respect to traditional wave packets. We consider here one transverse dimension
x, and the free-space dispersion relationship k 2
x +k 2 z =( ω c ) 2 is geometrically represented by the surface of the cone; here z is the axial coordinate along the propagation direction, ω is the temporal frequency, and c is the speed of light in vacuum. The spatio-temporal spectrum of a typical pulsed beam occupies a 2D patch on the surface of the light-cone corresponding to a finite spatial bandwidth (that determines the width of the beam profile) and a finite temporal bandwidth (that determines the pulse linewidth). A ST wave packet also has finite spatial and temporal bandwidths, but instead of being represented by a 2D patch on the light-cone, it lies along the intersection of the light-cone with a tilted spectral plane described by the equation:
where Ω=ω −ω o , ω o is a fixed frequency, and k o =ω o /c is the corresponding free-space wave number; see Fig. 1a , right insets. As a result, each spatial frequency k x is associated with a single temporal frequency ω, with a delta-function correlation whose functional form depends on θ, k x =k x (Ω,θ) [42, 69] . Consequently, the envelope ψ(x,z,t) of the wave packet E(x,z,t)=
which is a propagation-invariant wave packet traveling at a group velocity of v=ctanθ, ψ(Ω) is the Fourier transform of ψ(0,0,t), and k x (Ω,θ) is the equation of the conic section at the intersection of the light-cone with the spectral plane after being projected onto the (k x , ω c )-plane [69] ; see Fig. 1a and Fig. 2c . The kind of conic section involved depends on the value of θ: when θ=0 it is a circle; when 0<θ<45 • or 135 • <θ<180 • an ellipse; when 45 • <θ<135 • a hyperbola; when θ=45 • a straight line; and when θ=135 • a parabola. In all cases, the projection of the spatio-temporal spectrum onto the (k z , ω c )-plane is a straight line making an angle θ with the k z -axis; see Fig. 2d .
In our experiments we divide the available spectrum into three segments. Therefore, the synthesized ST wave packets are in general the sum of three individual ST wave packets having the form,
Here v j =ctanθ j , j=1,2,3, is the group velocity of each wave packet, and θ j is the spectral tilt angle of the spectral plane associated with each wave packet. The envelope of each wave packet is given by
where ψ j (Ω) is the Fourier transform of ψ j (0,0,t), and each spectral channel determines the domain of integration for Ω.
In our experiments, we have θ 1 =30 • (subluminal, conic section is an ellipse); θ 2 =70 • (superluminal, hyperbola); and θ 3 =120 • . The spectrum that is spatially resolved by the diffraction grating and incident on the SLM has a bandwidth of ∼1.5 nm. The SLM active area is divided into three sections, each corresponding to ∼0.5 nm of spectrum ( Fig. 2a ). Within each one of these sections, a 2D phase pattern Φ j is implemented (Fig. 2b ) that produces the targeted spatio-temporal spectral association k (j)
x (Ω,θ j ) (Fig. 2c ). 
